We developed a corrective phase plate that enables the correction of residual aberration in reflective, diffractive, and refractive X-ray optics. The principle is demonstrated on a stack of beryllium compound refractive lenses with a numerical aperture of 0.49 × 10 −3 at three different synchrotron radiation and x-ray free-electron laser facilities. By introducing this phase plate into the beam path, we were able to correct the spherical aberration of the optical system and improve the Strehl ratio of the optics from 0.29(7) to 0.87(5), creating a diffraction-limited, large aperture, nanofocusing optics that is radiation resistant and very compact.
INTRODUCTION
With the increasing number of operational X-ray free-electron lasers 1 (XFELs) and upcoming ultra-low emittance storage ring sources 2 an increasing demand for radiation resistant and high-performing X-ray focusing optics exists. The creation of small and intense focal spots is essential to confine the beam and concentrate the radiation on the sample. By maximizing the intensity and spatial resolution at the same time new research opportunities in nonlinear X-ray physics, 3 high-resolution imaging 4 and crystallography 5 are enabled. While tight focusing at the nanoscale is routinely achieved at current storage ring sources with diffractive, 6 refractive, surface quality. Today, most X-ray optics are limited by high manufacturing requirements when high numerical apertures (NA) are demanded, introducing aberrations to the optical system.
Here, we present the correction of residual spherical aberration in a stack of Be CRLs with NA = 0.49 × 10
by a phase plate that is made to measure for these optics. Since the phase plate operates in transmission and is based on refraction, it is largely insensitive to shape and surface inaccuracies on the order of a few µm. Hence, it can correct not only accumulated surface error in large CRL stacks as shown here, but also zone deformations of diffractive optics and figure errors of reflective optics.
WAVEFIELD CHARACTERIZATION BY PTYCHOGRAPHY
Scanning coherent X-ray diffraction imaging, known as ptychography, 13 has become a widely used tool not only for imaging extended objects at the nanoscale, but also to determine the wavefield generated by X-ray optics.
14-17 Thus, the method allows to thoroughly characterize these components and guides the design of enhanced optics [18] [19] [20] and corrective elements 21 to further improve the optical performance towards diffractionlimited X-ray optics with highest NA.
Here, we characterized the wavefield at the exit of a stack of 20 Be CRLs. The lens stacks were assembled randomly from a pool of 50 lenses and employed at three different sites: beamline I13-1 22 of Diamond Light Source (DLS), the Matter in Extreme Conditions instrument (MEC) 23 at the Linac Coherent Light Source (LCLS), and beamline P06
24 at PETRA III (cf. Table 1 ). For all experiments the X-rays were monochromatized by a Si-111 monochromator to an X-ray energy of E = 8.2 keV. The optics aperture was defined by a pinhole with D = 300 µm diameter. With a given radius of curvature of R = 50 µm for the lenses the focal length is f = 250 mm with NA = 0.49 × 10 −3 and a nominal diffraction-limited spot size of 143 nm. The test sample, an array of small Siemens stars structured into 1 µm thick tungsten on a diamond substrate, was placed in the vicinity of the focal plane, as shown in Fig. 1 .
For beam characterization the sample was raster scanned on a grid along the x and y direction. Far-field diffraction patterns were recorded using a Merlin detector positioned 25 2.62 m behind the sample (at DLS), a LAMBDA detector 26 positioned 2.19 m after the sample (at PETRA III), and a CS-PAD 140k detector 27 at a distance of 4.8 m downstream the sample (at LCLS). For each ptychographic data set we considered roughly 400 diffraction patterns, covering an area of 2 µm × 2 µm on the sample. Data at the storage ring facilities DLS and PETRA III was recorded in a step scanning mode, taking one far-field image per step. The acquisition time per point was 1 s at DLS and 2 s at PETRA III.
Data at the LCLS was collected in a fly-scanning mode along the y direction. While moving with a constant velocity of 1.2 µm s −1 we collected 203 diffraction patterns per line, covering a distance of roughly 2 µm and operating at 120 Hz repetition rate. After a single line was finished, the sample was moved by 100 nm in x direction and a new continuous acquisition cycle began. A complete scan was recorded within 60 s. From the 4060 diffraction patterns per scan we discarded shots with low pulse energy and also shots that overexposed the camera. The beam was attenuated to avoid radiation damage to the sample. Due to the extremely short X-ray pulse duration of 50 fs the sample is frozen in space during each exposure. Thus, we did not employ a sophisticated reconstruction algorithm accounting for incoherence due to sample movement during exposure, [28] [29] [30] but could use a simple ePIE algorithm 31 with iterative position refinement 11, 32 for data collected at all facilities.
SPHERICAL ABERRATION OF BERYLLIUM LENSES
While refractive optics inherently exhibit chromatic aberration, shape deviations from the ideal parabolic thickness profile of these lenses can lead to various other types of aberration. As Be CRLs are made by a coining process where the shape is defined by a molding tool made on a turning lathe under constant rotation, their shape is also rotational symmetric. The same goes for profile errors originating from shape errors of the molding tool. Hence, the predominant type of aberrations in these optics is spherical aberration. 11, 34 As many CRLs are typically stacked to form a lens with short focal length and high NA, shape errors add up and aberrations become severe for CRL optics with higher NA ≥ 0.5 × 10 −3 . For an individual lens surface of the CRLs used here (R = 50 µm) it was found that the shape only deviates by 0.5 µm from the ideal parabola over the whole lens aperture of D = 300 µm. 21 As the shape deviation of the molding tool associated with these resulting lens errors is at the very limit of the precision of current turning lathes used to fabricate the mold, an improvement on the shape of individual lenses is very challenging. Instead, a corrective phase plate was designed and manufactured to correct the accumulated phase error in larger lens stacks. Figure 2 . Recovered wavefield error compared to a perfect spherical wave (a, b, c) for data sets #1, #3, and #5, respectively (cf. Table 1 ). The wavefields are recovered in the plane where the phase plate will be installed later on (cf. Fig. 1 ). All scale bars represent 50 µm and the color scale is the same for all sub figures.
Here, we have assembled three different lens stacks at three synchrotron radiation and XFEL facilities (cf. Table 1 ) and measured the wavefield behind these optics in the vicinity of the focal plane by ptychography. The retrieved complex valued probe function at the sample position Ψ p was propagated by a distance −∆z upstream Table 1 . Summarized results quantifying wavefront errors for aberrated and aberration-corrected Be CRL stacks (N = 20, R = 50 µm) at the three facilities. The optical performance is investigated in terms of relative intensity in the focal plane compared to an aberration-free lens, the root-mean-square error ∆ϕσ and peak-to-valley error ∆ϕPV of the wavefield at the phase plate position, and the sum of the absolute values for the Zernike coefficients |z sph | representing spherical aberration (z to the prospective phase plate position Ψ PP = K −∆z Ψ p using the Fresnel-Kirchhoff diffraction integral 35 with the propagation operator From the wavefield Ψ PP we can reveal wavefront errors Ψ by subtracting the phase of a spherical wave ϕ ∆z f (x, y) = −k ∆z 2 + x 2 + y 2 − ∆z f with radius z f , corresponding to the distance from the phase plate plane Ψ PP to the focus position: Ψ = Ψ PP e iϕ∆z f (x,y) .
The recovered phase deviation Ψ for the Be CRL optics alone is shown in Fig. 2 . For data set #1 shown in Fig. 2a the algorithm struggled to reconstruct the amplitudes, leading to false phase information in areas with low amplitudes, which explains the patchy appearance in the phases. If both the phases and amplitudes are recovered well, the wavefield is smooth and the phase continuous over the whole lens aperture (cf. Fig. 2b,c) . Despite the difficult phase retrieval shown in Fig. 2a , Zernike polynomials can be fitted 36 to all data in Fig. 2 and the strength of various types of aberrations can be extracted (cf. Table 1 and Fig. 5 ). As each experiment was performed with a different stack of lenses, the wavefield deformation and strength of spherical aberration, represented by z Fig. 5 and |z sph | in Table 1 , varied slightly.
To correct for these wavefield deformations a phase plate can be designed to compensate the observed phase error by inducing an opposing phase shift. 21 For best results the phase plate has to be fitted to the individual lens configuration of the experiment. Here, the shape of the phase plate is based upon the aberration measured by Schropp et al. 11 and is described in more detail in the following Section 4.
FUSED SILICA PHASE PLATES
In order to achieve a good correction of residual wavefield errors the compensating phase plate has to be matched to the specific optics and also used at the designed position along the optical axis. As the beam for high NA optics converges significantly, the derived shape of a phase plate is only matching to the wavefront at a distinct ".. x.../.
o|x||/| of// x^ position. For the initial design of the phase plate we decided to place it directly behind the lens stack, positioned in a casing very similar to the ones used for Be CRLs. In this way the phase plate can be mounted in conjunction with the Be CRLs within the same holder and no further alignment is necessary.
To retrieve the thickness profile z PP (x, y) for the phase plate, detailed knowledge of phase errors at that position is needed (cf. Fig. 2 ). Based upon the retrieved probe function Ψ p from Schropp et al. 11 we calculated Ψ at the phase plate position. As the induced phase shift of the phase plate ϕ PP (x, y) = −kδ SiO2 z PP (x, y) shall compensate the phase deviations in Ψ , i. e. arg Ψ = −ϕ PP , the profile is given by
The retrieved shape was structured via laser micromachining into an amorphous SiO 2 substrate (Vitreosil 077, ρ = 2.2 g cm −3 ) with a thickness of 118 (2) µm. For ablating the substrate surface we used the Trumpf TruMicro 5050 ultrashort-pulsed laser system. A microscope objective with NA = 0.4 served to focus the pulses onto the substrate, providing a spot size of 1 µm and enabling nonlinear absorption in the focal region for highly localized energy transfer. 37, 38 The laser emits pulses of 8 ps duration at a wavelength of 1030 nm. The pulse energy was set to 0.2 µJ in order to guarantee precise ablation of the desired structure. As Be CRLs are rotational symmetric we enforced the same geometry on the phase plate. During fabrication the substrate was moved on a spiral trajectory going from the optical axis outwards with constant velocity. With each pass a layer of 1 µm was ablated. The resulting profiles are shown in Fig. 3 . A line scan across the two-dimensional thickness profile in Fig. 3a is plotted in Fig. 3b for three phase plates. The two phase plates used during experiments (PP1 and PP2, cf. Table 1 ) match the desired shape (dashed red line) well, but deviate in some areas due to fluctuations in the ablation process. However, the profile can be reproduced with high accuracy if the process is stable (gray dotted line). The fabricated phase plates transmit roughly 54 % for 8.2 keV X-rays owing to absorption of the substrate material. A thinner substrate would allow for higher transmission. 
ABERRATION-CORRECTED BERYLLIUM LENSES
For best possible aberration correction the phase plate needs to be positioned not only at the right spot along the optical axis, but the lateral alignment is crucial. Here, an accuracy of ≤ 2 µm is required to achieve diffractionlimited performance for the whole optical system. Mounting a phase plate within these tolerances into the center of a casing with 12 mm diameter (standard Be CRL casing diameter) is not trivial. As the first produced phase plate, labeled PP1, was not centered well, we had to mount it outside the lens holder to be able to align the phase plate in the x-y plane with respect to the Be CRL lens within the required tolerances. As a result, the phase plate could not be placed at the designed location directly after the lens, but was positioned 15 mm and 20 mm downstream of the lens exit for the experiments at DLS and LCLS, respectively (cf. Table 1 ). For alignment, we relied on the Ronchi test 39 to provide an immediate and qualitative feedback on present aberrations on a single exposure or single shot basis. After this initial alignment, the wavefield in the vicinity of the focal plane was measured again by ptychography. Subsequently, the wavefield was backpropagated into the same plane as shown for the aberrated lenses in Fig. 2 . The corrected wavefields for PP1 employed at DLS and LCLS are shown in Figs. 4a and 4b , respectively. For the second phase plate, called PP2, the initial alignment with the casing was good enough in order to directly mount PP2 after the Be CRL stack within the holder. Thus, the phase plate required no special alignment and could be integrated in a very compact way within the lens stack. The corresponding data was recorded at PETRA III (cf. Table 1 ) and the remaining wavefront errors after phase plate correction are shown in Fig. 4c . As the data in Fig. 4 are on the same color scale as in Fig. 2 , the reduction in wavefront errors is immediately visible, particularly in the center of the wavefield around the optical axis. The standard deviation compared to a perfect sphere ∆ϕ σ was reduced from over 0.23 λ −1 to well below 0.08 λ −1 . The peak-to-valley error ∆ϕ PV is mostly dominated by deviations near the edge of the optics aperture or in areas of very low amplitude and impurities, e. g., the small dark blue spot visible in all images shown in Fig. 4 . Nevertheless, ∆ϕ PV was reduced significantly in all cases, summarized in Table 1 . To quantitatively compare the strength of different aberration types for the Be CRLs alone (cf. Fig. 2 ) and after correction with a phase plate (cf. Fig. 4 ) the first 37 Zernike polynomials were fitted to the retrieved wavefields. 36 The resulting amplitudes z If the center of the diffraction pattern is not exactly in the center of a single pixel, a slight tilt is introduced into the reconstructed wavefield to compensate for the off-centered optical axis. When introducing the phase plate into the optical system the tilt error changed, getting more pronounced for DLS and LCLS, represented by Figs. 5a and 5b, respectively. Depending on the centering of the phase plate with respect to the optical axis a slight misalignment can introduce an additional tilt. In general, Zernike coefficients representing astigmatism, coma, and trefoil are very small. As the phase plate is rotationally symmetric no changes for these aberration types were expected and the data shown in Fig. 5 Table 1 . An important measure for scanning microscopy applications is the focal spot size and also the fraction of intensity within this spot. Here, the focal spot size was measured to 151(3) nm and 156(3) nm for the uncorrected and corrected case, respectively. While being slightly larger than the theoretical value of 143 nm, no significant change was observed. On the other hand, due to the reduction of spherical aberration, side lobes in the focal plane were significantly reduced. The result is an increased concentration of photons within the central speckle of the focus, summarized by the relative speckle and on-axis intensity presented in Table 1 . Fig. 2a and Fig. 4a ). (b) Fit results for wavefields recovered at LCLS (cf. Fig. 2b and Fig. 4b ). (c) Fit results for wavefields recovered at PETRA III (cf. Fig. 2c and Fig. 4c ).
CONCLUSIONS
We have demonstrated the correction of spherical aberration in three different Be CRL stacks at storage ring facilities and an XFEL. The relative on-axis intensity in the focal plane compared to an aberration-free optics, also known as the Strehl ratio, 33 was increased from 0.29 (7) to 0.87(5) (cf. Table 1) . Thus, we have demonstrated diffraction-limited focusing in the hard X-ray regime using radiation resistant, large aperture optics with NA = 0.49 × 10 −3 . With the increasing availability of XFELs operating in the hard X-ray regime and the advent of ultra-low emittance storage ring sources, the demand for suitable optics with high NA and ideally diffractionlimited performance is rising. The phase plate concept provides a compact and effective solution to correct refractive, diffractive, and reflective nanofocusing optics beyond current manufacturing limitations. Not only new focusing systems can benefit from increased performance, but in this way also existing optics can be upgraded for diffraction-limited focusing at the nanoscale.
